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1. INTRODUCTION 
In this note we prove a rather general theorem on differential inequalities 
which contains as special cases a slightly sharper version of Dieudonne’s 
mean value theorem for vector-valued functions ([l], p. 153; cf. our 
Corollary 3) and many of the well-known fundamental theorems of differen- 
tial calculus ([2], pp. 113-128; cf. our Corollaries 4 and 5). Some of these 
corollaries which follow from our main results (Theorems 2 and 2’) are not 
the best possible. Corollary 4 is a special case of Theorem 1 of Gal ([3], 
p. 310) and Corollary 3, the Dieudonne mean value theorem, is a special 
case of Theorem B of McLeod ([4], p. 199). Also, Theorems 2 and 2’ given 
here are special cases of Theorems 2 and 2’ in [5]. However, the proofs given 
here are elementary, completely self-contained and independent of the theory 
of differential equations. 
Our main result gives an answer to the question: For continuous real- 
valued functions u(t) and v(t) defined on a closed interval [u, b] with 
U(U) < ~(a), under what conditions will the differential inequality 
Dfu(t) -f(t, @)) d D’W -f(t, w(t)) 
at all but a countable set of points of [a, b), imply the inequality u(b) < v(b) ? 
Here and throughout this paper D+u(t) denotes the upper right Dini derivate 
of the function II at the point t. And, as usual, D, , D-, and D- will denote 
the lower right, upper left and lower left Dini derivates respectively. 
2. AN ELEMENTARY RJSULT 
For the sake of comparison with our main result, we begin with a simple 
result which requires no regularity assumption for the function f(t, x). 
However, the statement and proof of our main result, Theorem 2, in no way 
depends on the contents of this section. 
1 This research was supported by the National Science Foundation, Grant GP4180. 
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THEOREM 1. Let u(t) and w(t) b e continuous mappings of an interval 
[a, b] into an interval [c, dj with u(a) < w(a) and let f(t, x) be my reaLvalued 
function defined on [a, b] x [c, d]. Then if 
D+U(t) -f(t, u(t)) < o++t) -f(t, v(t)) 
for all t in [a, b) it follows that u(b) < o(b). 
(1) 
PROOF. Suppose not. Then there exists a t, E (a, b) such that u(t,,) > v(t,,). 
Let S denote the set of all t in [a, t,] such that u(t) < w(t), and let t, = sup S. 
Then a < t, < t, , u(tl) = v(tJ, and u(t) > w(t) on (tl , to]. Consequently 
D+u(t,) > D+v(t,) which contradicts the inequality (1) at t, . This concludes 
the proof. 
We remark that in inequality (1) the D+ can be replaced by D, , and the 
same conclusion still follows. Furthermore there is an analogous result for 
D- (or D-) which we-state as 
THEOREM 1’. Let u(t) and w(t) be continuous mappings of an intervaZ [u, b] 
into an interval [c, d] with u(b) 2 o(b) and let f(t, x) be any real-vabedfunction 
de$ned on [u, b] x [c, d]. Then if 
D-W -f(t, u(t)) < D-v(t) -f(t, v(t)) (1’) 
for all t in (a, b] it foZZows that u(a) 3 w(a). 
The proof of this theorem will be omitted since it is entirely analogous to the 
proof of Theorem 1. These two theorems can be combined to give the 
following. 
COROLLARY 1. Let u(t) and w(t) be continuous mappings of the closed interval 
[a, b] into un interwal [c, d] with u(a) < v(a), and let f(t, x) be any real-oalued 
function defined on [u, b] x [c, d]. Then if the inequality (1) holds on [u, b) 
a& the inequazity (1’) holds on (a, b], it follows that u(t) < v(t) on (a, b]. 
PROOF. Theorem 1 and continuity of u and v implies that u(t) < v(t) 
on [a, b]. Suppose that for some t, in (Q, b] u(t,) = a(&). Then u and TJ 
satisfy the hypotheses of Theorem 1’ on the interval (a, to], so that u(t) >, w(t) 
on [u, t,]. Hence u(t) = v(t) on [a, t,,] which contradicts the inequality (1’) 
on (a, 44. 
We remark that in Theorem 1, the strict inequality (1) must hold for all t 
in the interval [a, b), even if f(t, X) is continuous and x’ = f(t, X) has unique 
solutions. In fact, even with these added restrictions onf(t, X) the conclusion 
of Theorem 1 may fail if the inequality (I) becomes an equality at only a 
single point. This is illustrated by the following example. Let f(t, x) = 
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1 + 31 X 11’2, u(t) E t2,andv(t) E Ofor -1 <X < 1 and0 < t < l.Then 
f(t, X) is continuous, x’ =f(t, X) has unique solutions, u(0) = o(O) and the 
inequality (1) h Id o s everywhere on [0, 1) except at t = 0 where it is an 
equality. Nevertheless, u(t) > v(t) on (0, 11. 
3. THE MAIN RESULT 
If instead of continuity off(t, x we assume a uniform bound on the rate of ) 
increase off(t, X) as a function of X, we can replace the strict inequality (1) 
in Theorem 1 by the weak inequality, and we may even allow a denumerable 
exceptional set for this weak inequality. This, our main result, we state more 
precisely as 
THEOREM 2. Let u(t) and w(t) be continuous muppillgs of an interval [u, b] 
into an interval [c, d] with u(u) Q v(a). Let f(t, x) be a real-valued function 
defined on [u, b] x [c, d] and suppose that there exists a positive constant K 
such that 
c<xl<xz<d implies f(t, x2) - f(t, x1) < K(x, - xl) (2) 
for all t in [a, b]. Suppose further that there exists a denumerable subset E of 
[a, b) such that, for all t in [a, b) - E, D+u(t) # +CO, D+v(t) # -00, and 
D+u(t) -f(t, u(t)) d D+v(t) -f(t, o(t)). (3) 
Then u(t) < w(t) for all t in [u, b]. 
PROOF. We may assume without loss of generality that 6 - a < 1/(2K). 
For otherwise we could partition [u, b] into a finite number of intervals 
[a, b,l, Pb, > b&.., [ha, 4 each of length less than 1/(2K) and then the truth 
of the theorem on [a, b,] implies u(b,) < v(b,) and hence u(t) < w(t) on 
[b, , b& which in turn implies u(b,) < w(b,), and so by induction u(t) < v(t) 
on the entire interval [a, b]. 
Now if u(t) Q u(t) on [a, b], then there exists a point ,63 in (a, b) such that 
u(j) > V(P). Continuity of u and er implies there exists an E, 0 < c < 1, 
such that $8) + E(b - a) + C/K < u(p). Let {tn 1 n = 1,2, 3,...} be an 
enumeration of the exceptional set E and define the nondecreasing function 
o(t) = c 2-(n+i) 
a<t,<t 
for a < t < b and u(u) = 0. Then 0 < u(t) < l/2 and we define 
V(t) = w(t) + c(t - a) + (c/K),(t). 
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It follows that 
u(B) > W). (4) 
Next define A to be the set of all t in [a, /I) such that u(t) < V(t). Since 
u(a) < w(a) = V(a), a E A. Thus A is nonempty with fi for an upper bound 
so that 01 = sup A exists and a < 01 < /3. We now show that 
u(a) = V(a). (5) 
First, since 01 = sup A, there exists a nondecreasing sequence s, , a < s,, < OL, 
such that s,, + cz and s, E A. Consequently, 
so that by continuity of u and v, 
U(a) < V(a). (6) 
Comparing (4) and (6) we see that 01 # /3 so that a < 01 < /X Now suppose 
~(a) < V(a). Then by continuity of u and v there is a nonempty interval 
(a, OL + 6) contained in (OL, fl) such that 
u(t) < o(t) + c(t - a) + (q+(~) 
for all t in (01, 01 + 6). But then since u(t) is nondecreasing u(t) < V(t) for 
all t in (OL, a + 6) which contradicts the definition of 01 as sup A. Thus (5) is 
proved. 
Summarizing, we have established that a < 01 < fl < b, ~(a) = V(a), and 
u(t) > V(t) on (01, /3] so that 
D+u(a) > D+v(a). (7) 
There are now two cases: Either 01 belongs to E or it does not. 
CASE 1. 014 E, so that (3) holds at t = LX. Since 
V(a) - 7.(a) = .(a - a) + (E/K)+) < E/K, 
condition (2) implies that -f(a, w(a)) < -f(o1, V(U)) + E. Combining this 
with (3) at t = cy, we obtain 
which, together with (5), implies that D+u(or) < D+V(ol) contrary to (7). 
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CASE 2. GEE, say oL= t,. Then continuity of u and v implies the 
existence of a 6,O < 6 < /3 - (Y, such that for all t in (cu, OL + a), 
and 
I 44 - u(a) 1 < & * 2-(m+l) 
I 44 - v(a) 1 < 2 - 2-(m+l). 
Thus for all t in (01, OL + 8) 
u(t) < u(a) + & - 2-(m+l) = V(a) + & * 2-(m+l) 
= v(a) + E(OI - u) + (E/K)+) + & - 2-(m+l) 
< v(t) + (4K){2-‘“f” + u(oL)} + E(t - a) 
< V), 
which contradicts the definition of 01 as sup A. Hence u(t) < v(t) for all t in 
[a, b] and the theorem is proved. 
We remark that in inequality (3) the D+ can be replaced on both sides by 
D, and there is a result analogous to Theorem 1’ for D- which we state as 
THEOREM 2’. Let u(t) and v(t) be continuous mappings of an intervul [u, b] 
into an interwal [c, d] with u(b) 3 v(b). Let f(t, x) be a real-valued function 
defined on [a, b] x [c, d] and suppose that there exists a positive constant K 
such that 
c < xl Q x2 < d implies -K(xs - 31) <f(c 4 -f(t, 4 (2’) 
for all t in [a, b]. Suppose further that there exists a denumerable subset E of 
(a, b] such that, for all t in (a, b] - E, 
and 
D-u(t) f +a, D-v(t) # -03, 
D-44 -f(t, u(Q d D-40 -f(t, VW). 
Then u(t) 3 w(t) fw all t in [a, b]. 
(3’) 
We omit the proof since it is completely analogous to that of Theorem 2. 
Note that condition (2) in Theorem 2 is satisfied if f (t, x) is nonincreasing in x 
for each fixed t, or iff(t, X) satisfies a uniform Lipschitz condition with respect 
to x. 
The following corollary shows that iff(t, x) is nonincreasing in x then one 
need not know a priori the relative size of u(u) and v(u). 
SOME DIFFERENTIAL INEQUALITIES 97 
COROLLARY 2. Let u(t) and v(t) be continuous mappings of an interval [a, b] 
into an interval [c, d] and let f(t, x) be a real-valued function defined on 
[a, b] x [c, d] such that, for eachJixed t in [a, 61, f(t, x) is a nonincreasingfunc- 
tion of x on [c, d]. If, except on a countable subset E of [a, b), D+u(t) # fco, 
D+v(t) f -co, and 
D+w -f(t, u(t)) < D+v(t) -f(t, o(t)), 
then u(t) < v(t) + m on [a, b] where m = max (0, u(a) - v(a)}. 
Finally we mention that the following (known) results are simple corollaries 
of Theorem 2 and/or Theorem 2’. 
COROLLARY 3. If%(t) is a continuous mapping of [a, b] into a topological linear 
space X, if x(t) possesses a vector right-derivative D,x(t) at all but a countable 
number of points of [a, b) and if p)(t) is a continuous real-valued function on 
[a, b] such that 
Pww G D’&) 
at all but a countable number of points of [a, b) wherep is any continuous seminorm 
on X, then 
Mb) - x(a)) G d4 - t&4. 
PROOF. Let u(t) E p(x(t) - x(a)) and v(t) zz q(t) - y(a), note that 
D+u(t) < p(Drx(t)) whenever Drx(t) exists, and apply Theorem 2 with 
f(t, x) = 0. 
Dieudonne’s mean-value theorem ([I], p. 153) follows from Corollary 3 
where X is a normed linear space with norm /) * (1, p 3 I( . j/, and x(t) has 
a vector derivative at all but a countable number of points of [a, b). 
COROLLARY 4. Let D denote any one of the four Dini derivates. If u(t) is 
continuous on [a, b] and Du(t) > 0 on [a, b] except at a countable number of 
points, then u(t) is nondecreasing on [a, b]. On the other hand, ;f Du(t) < 0 on 
[a, b] except at a countable number of points then u(t) is nonincreasing on [a, b]. 
Corollary 4 follows from Theorem 2 if D is D+ or D, and from Theorem 2’ 
if D is D- or D- . 
COROLLARY 5. If u(t) and v(t) are continuous real-valued functions on an 
interval [a, b], if D denotes any one of the Dini derivates and if Du(t) and Dv(t) 
are finite and equal on [a, b] except at a countable number of points, then u(t) 
and v(t) differ only by a constant on [a, b]. 
PROOF. If D = D+ or D, we appeal to Theorem 2, while if D = D- or D- 
we appeal to Theorem 2’. We indicate the argument only in the case 
409117/I-7 
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D = D+, since the other three cases are entirely analogous. Define 
V(t) = w(t) + ~(a) - V(U). Then U(U) = V(i(a) and 
D+u(t) = D+V(t) = finite, 
except possibly on a countable set. Thus withf(t, X) = 0, Theorem 2 applies 
to give both u(t) < V(t) and V(t) < u(t) on [Q, 61 which implies that u(t) = 
V(t) = w(t) + u(a) - w(u) on [a, b]. 
That the word “finite” is needed in Corollary 5 is shown by an example 
given by H. Hahn [6] of two continuous functions which have everywhere 
in an interval the same derivative but the difference of which is not constant 
in the interval. Of course the functions involved must have an infinite 
derivative at a nondenumerable number of points in the interval. 
REFERENCES 
1. J. DIBIJDONN~. “Foundations of Modern Analysis.” Academic Press, New York, 
1960. 
2. R. P. BOAS, JR. “A Primer of Real Functions.” The Mathematical Association of 
America, 1960. 
3. I. GAL. On the fundamental theorems of the calculus. Tmns. Amer. Math. 86 
(1957), 309-320. 
4. R. M. MCLEOD. Mean value theorems for vector valued functions. PYOC. Edinburgh 
Math. Sot. (2) 14 (1964-65), 197-209. 
5. J. BEBERNES AND G. H. MEISTERS. Differential inequalities with countable excep- 
tional sets. J. Diff. Eqs., to appear. 
6. H. HAHN. uber den Fundamentalsatz der Integralrechnung. Mona& M&z. 
Phys. 16 (1905), 161-166. 
